Abstract-This paper investigates the behavior of heterogeneous dielectric substrates synthesized by adding micro-sized inclusions to a host medium. This paper compares different analytical formulations for small spherical inclusions in infinite media and assesses their suitability to be applied to different geometries. The effective permittivity of the mixture has been shown to be dependent on the properties of the host and inclusions' materials as well as the size and spacing of the spheres. Electromagnetic (EM) simulations using a plane wave excitation have also been carried out investigating thin (finite) layers of both spherical and cubical inclusions. A rectification algorithm was employed to correctly obtain the effective permittivity from the scattering parameters. The analytical results of the infinite medium showed good agreement with the EM simulations of our samples of finite thickness. Finally, a patch antenna with a heterogeneous substrate has been designed to show that the method can be applied to a finite geometry which is finite in three dimensions.
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I. INTRODUCTION

N
ANOMATERIALS have inherent advantages due to their high surface area to volume ratio including increased hardness, improved physical strength and electrical conductivity [1] , [2] . These material advantages have led to a multibillion dollar industry where the technology and possible structures are developing at a rapid rate. This new technology can potentially control the placement of individual dielectric and metallic particles (or conducting carbon nanotubes) which can be used to design new antenna systems that have fabricational (time, environmental, and cost savings), physical, as well as electromagnetic advantages over conventional methods. For example, conventional patch antennas are made using destructive processes where a copper layer covers the entire surface and then environmentally damaging chemicals are used to etch away the unwanted sections. By using additive manufacturing processes such as electro deposition and self-assembly [3] - [5] complete antenna structures and associated RF components including the feed and the balun can be envisioned, see, for example, Fig. 1 substrate and RF circuitry into one process, there are potential time and cost savings within the design process, resulting in manufactured products with smaller physical and EM variations. As material, labor and environmental costs increase and the cost of nanotechnology decreases, this technique of fabricating antennas may become cost effective especially for high permittivity substrates which are often prohibitively expensive. Physical advantages are realized as a scratch resistance radome with increased physical durability can be incorporated into the same fabrication process. The aim of this work is to investigate the feasibility of designing and fabricating novel antenna integrated systems with heterogeneous substrates, by using micro-sized cuboids composed of nanomaterials. In the case of the particles fused in a nano construction way then these could be classed as nanomaterial antennas. There are also numerous EM benefits. It has been known for a long time that the effective permittivity, permeability and losses of a material can be theoretically controlled by adding inclusions with distinct properties in a cubic lattice [6] - [15] . This research includes metamaterials [10] , artificial materials [12] and double negative materials [14] , [15] . Therefore, by enabling heterogeneous substrates, the antenna designer will have two new degrees of freedom compared to conventional substrates: 1) the substrate height and 2) the EM properties and these can be used to design bespoke substrates for antenna systems that must be incorporated into increasingly compact packaging. In previous work, the authors have shown that a highly efficient, compact antenna with a large bandwidth can be designed with a thus far unrealizable substrate which has equality of permittivity and permeability [16] . The heterogeneous mixtures described in this paper may enable such materials. Textured dielectrics have been used to reduce the size of the antenna while not adversely affecting the bandwidth or 0018-926X/$31.00 © 2012 IEEE efficiency by using a lower permittivity in areas with high current densities and a higher permittivity elsewhere [17] . The author proposed further improvements could be obtained by using a smooth variation between different dielectric regions. In this work, this could be achieved by controlling the volume ratio of the inclusions as shown in Fig. 1 , whereby the permittivity can be designed to have a continuous variation both horizontally and also vertically. In addition, by carefully placing the conducting inclusions, electromagnetic bandgap (EBG) structures can be incorporated into the system to control unwanted current flow.
The purpose of this paper is to investigate heterogeneous media in the above context using 3-D finite-difference time-domain (FDTD) simulations using EMPIRE XCcel, with initial emphasis on their use as substrates in microwave antennas. The results shown for effective permittivity, and permeability, in this paper are the relative values. The interactions between particles on an atomic or quantum level have not been considered. In the FDTD simulations, the host material and the inclusions are assumed to be lossless and have non-dispersive EM properties. In this paper, the term "heterogeneous" refers to a medium within which elements of different EM properties have been included in a cubic lattice. In Section II, there is a brief account of relevant theoretical equations from reviewed literature on the effective EM properties of infinite heterogeneous media, which is the theoretical foundation which underpins this research. In Section III, we present a "resonant inverse scattering" method [18] of extracting the and of a material from the simulated scattering ( -) parameters. The EM method is validated by inputting the -parameters from the simulation of a dielectric slab of known permittivity into the extraction process. Simulations and analysis of heterogeneous media using cubic and spherical inclusions are then carried out in Section IV. The results of these simulations are compared with those from the equations by [6] , [11] , and [14] . Parametric studies of the main variables on the effective and of the media are carried out. The work is extended from an infinite to a finite media and is applied to a patch antenna design in Section V. Finally, conclusions are made in Section VI.
The key novel contributions of this paper include: introducing the concept of synthesizing microwave antennas using nanomaterials; using spherical and cubical inclusions and applying FDTD EM simulations with a suitable algorithm to find the effective permittivity of heterogeneous substrates of finite volumes, on which antennas and other circuit components can be printed.
II. THEORETICAL ANALYSIS
The work in [6] forms the basis into the EM possibilities with heterogeneous mixtures, although the earliest work on heterogeneous media is that shown in [7] . These papers assume that the inclusions are much smaller than the wavelength but there are slight variations and some do not contain frequency terms or the properties of the host.
In [6] , the geometry used was a cubic array of spherical inclusions in a semi-infinite homogenous medium, on which a uniform plane wave impinges. Note, in this work the term "particle" defines the inclusion/element and is not an individual nanoparticle. By describing the total electric (E) and magnetic (H) fields within the medium as a sum of the individual incident fields and the scattered fields from each sphere, the effective EM properties were obtained.
The Clausius-Mossotti (C-M) equation given in (1) has been used for different effective medium theories and is presented differently in [9] - [14] . Cubic lattices have been used for simplicity but other lattices are also possible [19] .
Reference [10] states the C-M equation using the full scattering coefficients of a sphere from [20] . But its equations do not account for the host's EM properties ( and ) and may not give suitable results if the host's values differ from unity. A similar analysis in [11] includes and . Reference [12] is relevant to structures with conducting inclusions. However, it does not have a frequency term, uses an interaction constant dependent on the particle's spacing and polarizabilities dependent on the particle's shape. Equations in [13] are similar to those in [6] but do not have a frequency term. In [13] the particle's EM properties ( and ) are assumed the same as its bulk value, while other authors determine them to be functions of the particle's size, frequency and bulk EM values. Table I summarizes the symbols used for the parameters in this paper.
A general mathematical expression for the effective EM properties of particle-embedded mixtures [9] is given in (1) as (1) where , and are the appropriate parameters of the host medium, the inclusions and the mixture respectively; is the total volume fraction of the inclusions, based on the local unit cell of the medium.
represents corrections for higher-order multipole terms as a result of the decomposition of the scattered field [6] , [20] .
A modification to the equations in [14] differentiates the inclusions' densities and polarizabilities in electric and magnetic modes. This is an adoption of the equations in [13] which looked at mixtures with different sized inclusions. An in-depth review of these theories is presented in [21] .
In addition to dielectric inclusions, metallic inclusions can also be used. It is well known that some metallic materials tend to have very high equivalent permittivity and permeability values over certain frequencies as calculated from the Drude model [22] , [23] , and as they are typically readily available, heterogeneous structures having high can be obtained using the appropriate nano-engineering fabrication methods. Fig. 2 . Variation of effective and of a heterogeneous medium with size, at 10 GHz, using canonical analysis by [6] , [10] , [11] , [12] , [13] , [14] .
A. Analytical Results
Graphical results of examples based on the theories in [6] , [10] - [14] , are given in Fig. 2 . The following values were chosen to examine the behavior of the canonical equations: m, m, , , and . The line marked " [10] " shows the equations in [10] should only be applied when the host material is electromagnetically close to free space. The results using the equations from these papers all produce similar results and do not significantly vary over the frequency range considered. As shown in Fig. 2 , the effective of the mixture increases with the inclusion's volume ratio, and there are little or no changes, except for [12] in the effective .
The equations from [11] are more robust as they use the full scattering equations and account for the physical and EM properties of the materials that constitute the heterogeneous medium and as such might be the best to use for further studies. Note the results from [10] do not include the EM properties of the host and the results from [12] do not include a frequency term and this emphasizes the difference in computed.
III. ELECTROMAGNETIC SIMULATION ANALYSIS
3-D FDTD (EMPIRE XCcel) simulations have been used to simulate heterogeneous structure as a comparison with the analytical results and to allow the work to be extended to finite and/or non-uniform structures. The effective and of a medium can be obtained from the -parameters as shown in [18] , [19] , and [24] - [28] . The -parameters obtained were used in a "resonant inverse scattering formalism" [18] to obtain the effective and of the simulated structures in this paper, which differ from that in [18] which has 2-D disc inclusions.
The structure is set up such that it is infinite perpendicular to the direction of the incident EM plane wave. This allows us to reproduce the boundary conditions for the equations in the literature in two dimensions. The infinite boundary conditions are achieved using perfect electric and magnetic conductors (PEC and PMC) parallel to the orientations of the and fields. The simulation setup is shown in Fig. 3 . The structure is finite along the -axis and different numbers of layers of spheres are included in this dimension.
The reference planes (where the phases of the -parameters are calculated) are placed away from the structure under test (or discontinuities) to ensure "higher-order evanescent modes" are properly attenuated [27] . This is also to allow enough Yee cells per wavelength and that good meshing resolution (discretization) are used for the structure during simulation. These planes are represented by Port 1 and Port 2 as shown in Fig. 3 . Perfectly matched layers (PML) boundaries are used at Port 1 and Port 2 to minimize reflections at the ports. The -parameters from the simulations are fed into the inversion process, which takes into account the distances from the structure to the measurement planes and the thickness of the sample, . The distance from Port 1 to the slab is , the distance from Port 2 to the other end of the slab is , as shown in Fig. 3 , and the phase of the from the simulations is and the phase of the is . The appropriate phases required for the inversion process are the -parameter phases at the measurement planes transferred to the edges of the slab [27] , [28] . These corrected phases are given in (2) where . First, the refractive index, and the wave impedance, of the medium are obtained. From this, the effective and of the structure is calculated using (3)
As an inverse cosine function is involved in obtaining the refractive index of the medium, discontinuities appear in the phase of the medium, . But since the refractive index is required to be continuous over frequency for accurate results, a "rectification algorithm" (see Appendix A) is needed [18] to provide a continuous phase, see Fig. 4 . Without this rectification, follows the discontinuity in the phase, falling to zero at the frequencies of the phase minima and peaking at the frequencies of the phase maxima. Thus, is only accurate at frequencies below the first discontinuity (see Fig. 5 ) without the rectification algorithm. Fig. 4 shows a plot of these phases. The line labelled helps to highlight these discontinuities. Since the refractive index is subject to the rectification process, a relatively continuous plot can be achieved. However, as the wave impedance is still a direct function of the -parameters, its behavior still depends on and , hence the "spikes" in its plots will appear in the effective and graphs.
To illustrate the effect of the rectification algorithm on the accuracy and continuity of the inversion results, and , Fig. 5 shows the obtained with and without the algorithm. It is worth noting that information from the simulation is not lost by using the rectification process. The group delay of the medium before and after the inversion process (including rectification) remains the same (results are not shown for space reasons).
At certain frequencies related to the thickness of a dielectric slab and its EM properties, such that where is the guided wavelength, and , an integer, , the slab is transparent to an incident plane wave [28] . Therefore the values are close to zero , while . This explains the "spike" points (shown for the plots in Fig. 5 and other plots) also known as the half-wavelength impedance matching frequencies [28] , [29] or thickness resonance points [30] . 
IV. RESULTS
A. Validation of Inversion Process With Homogenous Slab
Several results from simulations of media with known EM parameters were used to test the inversion process. Fig. 6(a) shows the 3D simulation setup. The green (top figure- ) and the red (bottom figure- ) horizontal lines in Fig. 6 (b) represent the PMC and PEC boundary conditions respectively.
In order to validate the process, a homogenous slab of known EM properties was simulated and the -parameters put through the inversion process. The real and imaginary parts of the -parameters are shown in Fig. 7 . Data used: mm, mm, and . The first thickness resonance for the 1 mm slab occurs at approximately 100 GHz. The first resonance occurs at the following frequencies for different dielectric thicknesses: 1 mm at 81 GHz, 5 mm at 19.5 GHz, and 10 mm at 10 GHz. The result from the 0.1-mm slab is inaccurate as it is higher than the [6] , [11] , [14] , of a heterogeneous structure. The FDTD results use equally spaced cubic inclusions while the canonical results use spheres with the equivalent volume. known value. Thus, an appropriate slab thickness has to be used for simulations in order to avoid "measurement uncertainties" [29] due to thin samples and obtain accurate results from the inversion process. Where the thickness is greater than 0.3 mm, the value of is approximately the known value, 2.2, and is relatively stable below the first resonant frequency. Therefore, the inversion process has been validated with a homogeneous sample. Above certain frequencies, the real part of the refractive index decreases with increasing frequency (not shown for space reasons) which may be due to anomalous dispersion [31] or because the inversion solution is not well-behaved over these frequencies.
B. Heterogeneous Structures With Cubic Inclusions
Initially, cubes [see Fig. 9 (a)] were used for simulations as they had less demand for computing resources and avoided the stair-casing effect that curved surfaces are subject to when meshed in FDTD simulations. Spheres will be used later (Section IV-C) to compare with results from the canonical equations. 60 layers of inclusions in the direction of wave propagation were used in the simulations. However, fewer layers were found to produce similar results as the number of layers increases, the results tend to the same values.
Data used in Fig. 10 : cube length, m, m, , GHz and . A 150-m cube has approximately the same volume as a 93.05-m radius sphere which was used in the canonical equations as a comparison. Fig. 11 . Variation with frequency of effective and using FDTD simulations and canonical equations [6] , [11] , and [14] , of a heterogeneous structure with equally spaced 150
spheres.
An equivalent volume process was used, i.e.,
Volume of a sphere Volume of a cube
The EM simulation gives an average (over the frequencies examined)
, while the results from the canonical equations show excellent agreement with an as averaged from [6] , [11] , and [14] .
C. Heterogeneous Structures With Spherical Inclusions
To see how the simulated values of effective and compare with the canonical equations, 150-m diameter spheres were used in the FDTD simulations [see Fig. 9(b) ]. The spacing, ,
, and are the same as in Section IV-B. The results shown in Fig. 11 have an average from the theoretical equations and an from the simulations. For the same spacing, the 150-m cubes have a larger volume fraction than the 150-m spheres and therefore have a higher effective permittivity.
The results in Figs. 10 and 11 show there is good agreement (thus the severe overlap) between the theoretical equations and the inversion via simulations results allowing us to use the 3D simulation techniques to design and control the permittivity of heterogeneous substrates. For speed but with lesser accuracy, cubes can be used to represent spherical inclusions in the simulations to get a reasonable estimate of the effective EM properties of the heterogeneous medium. For heterogeneous media in which , the .
D. Parametric Studies of Heterogeneous Structures
For comparison with the canonical formulations, parametric studies were carried out on 1) the spherical inclusions' permittivity, 2) the volume fraction of the inclusions, and 3) the number of layers.
Inclusion Permittivity, : Data used in Fig. 12 : m, m, and host permittivity,
. The results of the effective permittivity while varying only , from the EM simulations is shown in Fig. 12(a) and that from the canonical equations in Fig. 12(b) .
When these graphs are plotted on the same scale, they overlap showing further that the parametric study on via simulations Fig. 12 . Variation of effective with inclusion permittivity, , of a heterogeneous structure from (a) simulations via inversion and (b) canonical equations at different frequencies (average results from [6] , [11] , and [14] ). and equations agree. This near-linear variation of effective permittivity with inclusion permittivity shows that as increases, increases at a similar rate. Inclusion Volume Fraction, : Data used in Fig. 13 : , , and . For Fig. 13(b) , . The sphere size was increased to vary the inclusions' volume fraction.
Except for the two points in 15 GHz and 30 GHz plots in Fig. 13(a) , the results from the simulation and canonical equations agree to great extent, causing these lines to overlap.
The two deviating points are for when the volume fraction, , and that is when the spheres are in physical contact . And at these frequencies (15 and 30 GHz) the structure is completely transparent to the incoming wave and so , and , which results in numerical errors. Even though the total thickness of the sample, the host and inclusions' permittivity and permeability were the same for all the volume fractions simulated, the frequencies at which the sample was transparent to the wave (where the spikes occurred) differed for each sphere size because the volume fraction changes with size.
Number of Layers: The effect of the number of layers of spheres used in the simulations in the axis of finite thickness is shown in Fig. 14. Data used: m, m, -GHz, , and . From Fig. 14 , it can be seen that for the different number of layers, the effective permittivity is on average the same, but the spikes shown occur at a lower frequency as the number of layers increases. There are no spikes for the one-layer and five-layer media within the considered frequency range. For this specific geometry, the 1-layer structure produces reasonable results.
As nanofabrication facilities are currently unavailable to us, we have used scaled measurements using a 0.75-1.1 GHz waveguide. 10-mm chrome steel ball bearings spaced 13 mm apart were placed in a Rohacell host. These sizes are scaled-up values of micro-sized inclusions and spacings. Simulating this structure at 1 GHz gave an of 2.09, and , while the measurements gave , and . These values show good agreement and corroborate our canonical and simulation analysis. 
V. PATCH ANTENNA WITH A HETEROGENEOUS SUBSTRATE
For further confirmation of the results obtained from the canonical equations and the simulation (via the inversion process), a patch antenna was used. This also extends the results from an infinite medium to a finite medium. A patch antenna was placed on a heterogeneous substrate containing spherical inclusions and also on a homogenous substrate with the same permittivity as calculated from the FDTD and inversion process. The results from the two simulations were then compared. Note, the use of substrates with micro-sized inclusions will not inherently improve the efficiency of the antenna. However, the micro-sized inclusions allow the effective permittivity to be controlled on a fine scale. Therefore, patch antennas can be designed in future where the permittivity can be varied smoothly across the substrate and also as a function of the height of the substrate. This variation can then be exploited to improve the efficiency and bandwidth as in textured dielectrics.
The cross-section of the patch on the heterogeneous substrate is shown in Fig. 15 . Data used: m, m, GHz, , , mm mm m, and mm. These values of EM properties and geometrical dimensions of the semi-infinite heterogeneous medium in the preceding sections (Section IV-C) gave an of 4.11 and this value was used for the homogeneous substrate. The results for patch on the heterogeneous and homogenous substrates are shown in Fig. 16 .
Simulations of two patches separated by 2 mm were carried out in order to show that the coupling between the patches was (thin lines) shows the mutual coupling of two adjacent patches printed on each substrate. consistent in both substrates. The -parameters for coplanar patch antennas on the heterogeneous and homogenous substrates are shown in Fig. 16 which shows that the mutual coupling between the antennas agrees to a great extent on the two substrates.
The close agreement between the homogenous and heterogeneous plots provides further confidence that the inversion process is accurate and that these heterogeneous materials can be adequately used in finite antenna designs. Including a loss tangent of 0.0027 and 0.01 for the host and inclusions respectively, yielded an antenna efficiency of 85% which is on a par with the efficiency of the patch on the homogenous substrate with a loss tangent of 0.003. The patch on the heterogeneous medium takes about 20 hours to run as there are many Yee cells in both the X and Y directions.
VI. CONCLUSIONS
It is possible to increase the effective permittivity of a host material with dielectric inclusions. The results from the analytical equations verified the simulation results and the inversion process. The analytical equations use spherical inclusions but this paper has shown that the inclusions can be approximated as cubes with the same equivalent volume. The inversion process produces spikes (thickness resonances) at frequencies where there is near total transmission-these spikes are numerical errors and do not affect the actual permittivity. The original theoretical work was based on infinite media; however, this paper has shown that the results are valid for finite structures, such as patch antennas.
These structures take a considerable amount of simulation time, (at least two hours) depending on geometry and materials. With the ever improving performance of simulation packages, fine scale structures detailed in this paper can be computed in manageable time scales. Note, that once the effective permittivity is known, the antenna design duration can be reduced by approximating the heterogeneous structures with the equivalent homogeneous material for some of the simulation runs.
It should be noted that higher ratios of the effective permittivity to the host permittivity can be achieved with different host and inclusions permittivities as well as with different volume fractions.
APPENDIX I
This section lists the main equations in the inversion process and explains the phase rectification part of the process [18] (see Section III). Note: this appendix includes details not included in [18] . To rectify the phase, the first increasing function, or is equal to the rectified phase, , at frequencies below that of the first discontinuity, say, at .
At , the second function which is now increasing is added to the first from to the next discontinuity, say . Thus or (A4)
At , when the second function starts decreasing, the first function is increasing and is added from to the next discontinuity, say
This process is continued until the upper end of the frequency range. The rectified phase, is now a continuous function. is used to re-compute in (A2), that is (A6) and are then calculated using (2).
